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Sp(2,Z) invariant Wigner function on even dimensional vector space
Minoru Horibe,∗ Takaaki Hashimoto,† and Akihisa Hayashi‡
Graduate School of Engineering, University of Fukui1 3-9-1, Fukui city, Fukui prefecture.
(Dated: June 24, 2018)
We construct the quasi probability distribution W (p, q) on even dimensional vector space with
marginality and invariance under the transformation induced by projective representation of the
group Sp(2,Z) whose elements correspond to linear canonical transformation.
On even dimensional vector space, non-existence of such a quasi probability distribution whose
arguments take physical values was shown in our previous paper(Phys.Rev.A65 032105(2002)). For
this reason we study a quasi probability distribution W (p, q) whose arguments q and p take not
only N physical values but also N unphysical values, where N is dimension of vector space. It is
shown that there are two quasi probability distributions on even dimensional vector space. The one
is equivalent to the Wigner function proposed by Leonhardt, and the other is a new one.
I. INTRODUCTION
In quantum mechanics, as is well-known, we cannot
define probability distribution function on phase space
with which observed values for any operators are equal to
the weighted average. At the expense of taking a negative
value, we can define the functionW (q, p) which resembles
probability distribution on phase space. Such a function
was presented by Wigner in 1932 [1] and called Wigner
function, which is defined as:
W (q, p) = Tr
[
∆ˆ(q, p)ρˆ
]
, (1)
where ρˆ is a density matrix and ∆ˆ(q, p) is the Fano op-
erator given by
∆ˆ(q, p) =
1
2pi~
∫ ∞
−∞
dr
∣∣∣q − r
2
〉
e−ipr/~
〈
q +
r
2
∣∣∣ .
It is easily checked that the Fano operator satisfies two
properties, marginality∫ ∞
−∞
∆ˆ(q, p)dp = |q〉〈q|,∫ ∞
−∞
∆ˆ(q, p)dq = |p〉〈p|,
(2)
and covariance under the linear canonical transforma-
tion,
∆ˆ′(q′, p′) = Uˆhc∆ˆ(q
′, p′)Uˆ †
hc
= ∆ˆ(δq′ − βp′,−γq′ + αp′), (3)
where Uˆhc is unitary operator for linear canonical trans-
formation,{
qˆ′ = Uˆhc qˆUˆ
†
hc
= αqˆ + βpˆ,
pˆ′ = Uˆhc pˆUˆ
†
hc
= γqˆ + δpˆ,
⇋
{
qˆ = δqˆ′ − βpˆ′,
pˆ = −γqˆ′ + αpˆ, (4)
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and 2× 2 matrix hc is an element of group Sp(2,R);
Sp(2,R)
=
{
hc,
∣∣∣∣hc =
(
α γ
β δ
)
, αδ − βγ = 1, α, β, γ, δ ∈ R
}
.
This covariance of the Fano operator means the invari-
ance of the Wigner function under changing the la-
bel of a point on phase space from (q, p) to (q′, p′) =
(αq + βp, γq + δp) ;
W ′(q′, p′) = Tr
[
∆ˆ′(q′, p′)ρˆ
]
= Tr
[
∆ˆ(δq′ − βp′,−γq′ + αp′)ρˆ
]
=W (δq′ − βp′,−γq′ + αp′) = W (q, p),
so, we are mainly concerned with covariance of the Fano
operator, rather than invariance for the Wigner function.
From marginality, we obtain the equation∫ ∞
−∞
qn∆ˆ(q, p)dqdp = qˆn. (5)
Applying the similarity transformation by the unitary
operator Uˆhc to both sides of eq.(5), we can find that
the integration of the Fano operator multiplied by qnpm
over phase space is equal to the Weyl ordering products
(qnpm)
W
of operator qˆnpˆm which is given by
(αqˆ + βpˆ)K
=
K∑
k=0
(
K
k
)
αK−kβk(qˆK−kpˆk)
W
.
This equation teaches us that the expectation value of
Weyl ordered operator (qˆnpˆm)
W
for the density matrix
ρˆ is equivalent to the “weighted average” of qnpm with
respect to the Wigner function,
Tr[(qˆnpˆm)
W
ρˆ] =
∫ ∞
−∞
qnpmW (q, p)dqdp.
Conversely, in our previous paper[2], it is shown that the
Fano operator is uniquely determined if it is a continuous
2operator of q and p and satisfies the above two properties,
namely, marginality eq.(2) and covariance eq.(3) under
the linear canonical transformation. Other methods how
to determine the Wigner function or the Fano operator
uniquely are studied in literatures [3] and [4].
For the quantum system on the finite vector space, we
investigated the same problems as on one-dimensional
quantum system in the paper [2] and found that the
Wigner function with properties corresponding to the
above two properties exists uniquely on odd dimensional
vector space and that it does not exist on even dimen-
sional vector space.
For even dimensional vector space, Leonhardt pro-
posed the Wigner function W (q, p) which resembles the
one for the one-dimensional quantum system, although
variables q and p take integers related to eigenvalues
of corresponding operators and half-integers between 0
and N − 12 [5]. We can check that the Fano operator
∆ˆ(L) for this Wigner function satisfies the covariance and
marginality,
∑
p∈IHN
∆ˆ(L)(q, p) =
{ |q〉〈q| (q ∈ IN )
0 (q ∈ HN ) , (6)
∑
q∈IHN
∆ˆ(L)(q, p) =
{ |p〉〈p| (p ∈ IN )
0 (p ∈ HN ) , (7)
where IN and HN are sets of integers and half-integers
in right-open interval [0, N), respectively,
IN = {0, 1, 2, · · · , N − 1}, HN =
{
1
2
,
3
2
, · · · , 2N − 1
2
}
.
and the set IHN is union of IN and HN .
Can we determine the Fano operator on even dimen-
sional vector space if the above two conditions are im-
posed? We study this problem in this note.
II. PREPARATION
As we cannot have a pair of operators which satisfy the
usual canonical commutation relation for linear operators
acting on finite dimensional vector space, we define oper-
ators which satisfy the similar multiplication rule to one
of eiaqˆ and eibpˆ ;
eiaqˆeibpˆ = e−i~abeibpˆeiaqˆ.
Using an orthogonal basis {|0〉, |1〉, · · · , |N − 1〉} of the
vector space under consideration, the operators Qˆ and Pˆ
are defined by
Qˆ =
∑
q∈IN
ωqN |q〉〈q|,
Pˆ =
∑
p∈IN
ωpN |p〉〈p|,
(8)
where |p〉 is the Fourier transformed vector of |q〉
|p〉 = 1√
N
∑
q∈IN
ωpqN |q〉,
and ωN is a primitive N -th root of unity,
ωN = e
i 2pi
N .
In order to make equations simple, we assume that el-
ements |q〉 and |p〉 satisfy periodical boundary conditions
|q +N〉 = |q〉, |p+N〉 = |p〉.
We can check that these operators to the N -th power are
equal to unit matrix
QˆN = PˆN = 1N , (9)
and that Pˆ Qˆ is equal to QˆPˆ multiplied by ωN
Pˆ Qˆ = ωN QˆPˆ . (10)
The operators PˆmQˆn, (n,m = 0, 1, 2, · · · , N − 1) are
linearly independent, because of
Tr[Pˆ kQˆl(PˆmQˆn)†] = Nδkmδln.
Since the operator Eˆqq′ = |q〉〈q′| can be expressed with
the expansion
|q〉〈q′| = 1
N
{ ∑
n∈IN
(ω−qN Qˆ)
n
}
Pˆ q
′−q, (11)
any operators are decomposed into the series of
PˆnQˆm, (n,m = 0, 1, 2, · · · , N − 1) ,uniquely. For exam-
ple, the Fano operator ∆ˆ(L)(q, p) for the Wigner function
proposed by Leonhardt on even dimensional vector space
is expanded in the form,
∆ˆ(L)(q, p) =
1
(2N)2
∑
pf ,qf∈IHN
ω
2(pfqf−pf q+qfp)
N
× Pˆ−2qf Qˆ2pf , (12)
and the marginal conditions (6) and (7) for this Fano
operator become∑
p∈IHN
∆ˆ(L)(q, p)
=


1
N
∑
n∈IN
(ω−qN Q)
n (q ∈ IN )
0 (q ∈ HN )
, (13)
∑
q∈IHN
∆ˆ(L)(q, p)
=


1
N
∑
n∈IN
(ω−pN P )
n (p ∈ IN )
0 (p ∈ HN )
. (14)
3Instead of the transformation rule (4), we impose the
transformation rule on operators Qˆ and Pˆ

Qˆ→ UˆhQˆUˆ †h = aQ(h)PˆλQˆκ
Pˆ → UˆhPˆ Uˆ †h = aP (h)Pˆ νQˆµ
, (15)
where h is a 2× 2 matrix whose elements are given by κ,
λ, µ and ν in the above equation
h =
(
κ µ
λ ν
)
,
and should be an element of group Sp(2,Z) = Sl(2,Z),
because the unitary transformed operators UˆhQˆUˆ
†
h
and
UˆhPˆ Uˆ
†
h
satisfy the same conditions as eq.(10). From the
same condition as eq.(9), we can determine coefficients
aQ(h) and aP (h) up to integers NP (h) and NQ(h),
aP (h) = ω
νµ(N−1)
2 +NP (h)
N ,
aQ(h) = ω
κλ(N−1)
2 +NQ(h)
N .
We choose these integers as the followings,
ω
NQ(h)
N = ω
−κn+
N ω
(λ−1)n−
N , (16)
ω
NP (h)
N = ω
−(µ−1)n+
N ω
νn−
N . (17)
Owing to this choice, we can show that the operators
QˆnPˆm, (n,m ∈ IN ) transformed by unitary operators
Uˆh and Uˆh′ successively are equal to the operators trans-
formed by the unitary operator Uˆhh′ ;
Uˆh′UˆhQˆ
nPˆmUˆ †
h
Uˆ †
h′
= Uˆh′hQˆ
nPˆmUˆ †
h′h
where h and h′ are arbitrary elements of the group
Sp(2,Z). Since any operators are described in series of
operators QˆnPˆm, the unitary operator Uˆh′Uˆh is equiva-
lent to Uˆhh′ up to phase factor, that is, Uˆh can be consid-
ered as a projective unitary representation of the group
Sp(2,Z),
Uˆh′Uˆh = e
iφ(h,h′)Uˆh′h. (18)
We assume that the Fano operator is covariant under the
similarity transformation with respect to the Uˆh;
Uˆh∆ˆ(q, p)Uˆ
†
h
= ∆ˆ(νq − λp,−µq + κp). (19)
@ Then, operator of both Uˆh′Uˆh and Uˆh′h must trans-
form the Fano operator to same operator; namely, the
Fano operator with arguments (ν′ν+λ′µ)q−(ν′λ+λ′κ)p
and−(µ′ν+κ′µ)q+(µ′λ+κ′κ)p instead of q and p, respec-
tively. This fact is ensured by eq.(18) which is derived
by the choices (16) and (17).
In our previous paper[2], we constructed the Fano oper-
ator whose arguments take integer only in the case where
integer NP and NQ are equal to zero. Using the same
method as was done there, we can show that it is de-
termined uniquely only if n± = 0 on odd dimensional
vector space and that it does not exist for any integer n±
on even dimensional vector space.
In the next section, we construct the Fano ∆ˆ(q, p) op-
erators whose arguments q and p take integer and half-
integer values and which fulfills two conditions, marginal-
ity and covariance.
III. CONSTRUCTION OF THE FANO
OPERATORS
It is convenient to introduce the Fourier transformed
Fano operator as follows,
∆ˆF (qf , pf ) =
1
2N
∑
q,p∈IHN
ω
2qpf
N ω
−2pqf
N ∆ˆ(q, p)
=
1
2N
∑
q,p∈IHN
ω
2q·2pf
2N ω
−2p·2qf
2N ∆ˆ(q, p). (20)
Here, qf and pf take integer and half-integer values, so
this definition is equivalent to discrete Fourier transfor-
mation with period 2N . The marginality eq.(13) and
(14) are cast into the simple form
∆ˆF (0, pf) =
1
2N
Qˆ2pf , (21)
∆ˆF (qf , 0) =
1
2N
Pˆ−2qf . (22)
From the covariance eq.(19), we get the restriction to the
Fourier transformed Fano operator by explicit calcula-
tion,
Uˆh∆ˆF (qf , pf)Uˆ
†
h
= ∆ˆF (νqf − λpf ,−µqf + κpf ). (23)
Now, we find the Fourier transformed Fano operator
at arbitrary point (qf , pf), (qf pf ∈ IHN ). Because
the ∆ˆF (pf , qf ) is periodic operator with period N and κ
and λ of integer parameters in the transformation eq.(15)
should be relatively prime to each other because of the
relation κν − λµ = 1, we make three integers κ, λ and ξ
from pf and qf ,

ξκ = 2pf − 2N
[
2pf
N
]
,
ξλ = 2qf − 2N
[
2qf
N
]
.
(24)
where ξ is the greatest common divisor of 2pf−2N
[
2pf
N
]
and 2qf − 2N
[
2qf
N
]
which take values between 0 and
2N − 1. From eq.(23), we have
Uˆh(qf ,pf )∆ˆF
(
0,
ξ
2
)
Uˆ †
h(qf ,pf )
= ∆ˆF
(
λξ
2
,
κξ
2
)
.
where h(qf , pf ) is an element of Sp(2,Z) and is given by
h(qf , pf ) =
(
κ −µ
−λ ν
)
.
4where µ and ν are any integers which satisfy the relation
κν − λµ = 1 for κ and λ defined by eq.(24). The right
hand side can be estimated by the transformation rule
eq.(15) and marginality condition (21)
Uˆh(qf ,pf )∆ˆF
(
0,
ξ
2
)
Uˆ †
h(qf ,pf )
=
1
2N
Uˆh(qf ,pf )Qˆ
ξUˆ †
h(qf ,pf )
=
1
2N
ω
−
ξκλ(N−ξ)
2
N ω
−ξκn+
N ω
−ξ(λ+1)n−
N Pˆ
−ξλQˆξκ,
and we get
∆ˆF
(
λξ
2
,
κξ
2
)
=
1
2N
ω
−
ξκλ(N−ξ)
2 −ξκn+−ξ(λ+1)n−
N Pˆ
−ξλQˆξκ.
(25)
For the element h± =
( ±1 0
µ ±1
)
of Sp(2,Z), we have
∆ˆF
(
0,± ξ
2
)
=
1
2N
ω
−ξ(n−±n+)
N Qˆ
±ξ,
which is consistent with the marginality condition (21) if
n−±n+ is equal to the integral multiple of N . Therefore,
we may get the Fano operator satisfying marginality and
covariance if we choose the projective unitary represen-
tation of Sp(2,Z) with n+ = n− = integer × N or with
n+ = n− =
N
2 + integer×N in the case where N is even
number.
First, we study the case with n+ = n− =
N
2 +integer×
N . Then, eq.(25) becomes
∆ˆF
(
λξ
2
,
κξ
2
)
=
1
2N
ω
ξ(κ−1)(λ−1)N
2 −ξN
N ω
ξ2κλ
2
N Pˆ
ξλQˆξκ,
=
1
2N
ω
ξ2κλ
2
N Pˆ
−ξλQˆξκ,
We can obtain the second equality, taking account of the
fact that both integers κ and λ are not even because of
the condition κν − λµ = 1 and that (κ− 1)(λ− 1) is an
even number. Returning variables ξ, κ and λ to pf and
qf by use of eq.(24), we have
∆ˆF (qf .pf ) =
1
2N
ω
2pf qf
N Pˆ
−2qf Qˆ2pf , (26)
which is equivalent to the Fano operator proposed by
Leonhardt in eq.(12).
Second, we investigate the case with n+ = n− =
integer×N . Then, equation (25) becomes
∆ˆF
(
λξ
2
,
κξ
2
)
=
1
2N
ω
−ξ2κλ(N−1)
2
N ω
κλN ξ(ξ−1)2
N Pˆ
ξλQˆξκ
=
1
2N
ω
−
ξ2κλ(N−1)
2
N Pˆ
−ξλQˆξκ. (27)
Since ξ(ξ − 1) is even number and the factor ωκλN
ξ(ξ−1)
2
N
in the first equality is equal to unity, we get the second
equality. Using eq.(24), we can replace the variables ξλ
and ξκ to qf and pf , respectively and we obtain the op-
erator ∆ˆF (qf , pf ) for arbitrary points (qf , pf),
∆ˆF (pf , qf ) =
1
2N
ω
−2(N−1)pfqf
N Pˆ
−2qf Qˆ2pf , (28)
which is different from the Fano operator by Leonhardt
only when variables pf and qf are half-integers. In this
case, it is not used that dimension of the vector space un-
der consideration is an even number, so far, and we can
find the Fano operator for odd dimensional vector space
from the above equation, although what we want to find
is the Fano operator on even dimensional vector space.
Let us transform the operator ∆ˆF (pf , qf ) to ∆ˆ(q, p) by
inverse transformation of eq.(20). Noting that the inte-
gers 2pf and 2qf take values between zero and 2N − 1
and that the same operator PˆmQˆn appears four times in
the summation by pf and qf , we have
∆ˆ(q, p) =
1
(2N)2
N−1∑
m,n=0
(
1 + ω−qNN ω
N(N−1)
2 m
N
)
×
(
1 + ωpNN ω
N(N−1)
2 n
N
)
×ω−
(N−1)
2 nm
N ω
−qn
N ω
pm
N Pˆ
−mQˆn. (29)
For odd dimensional vector space, eq.(29) becomes
∆ˆ(q, p) =
1
N2
N−1∑
m,n=0
ω
−
(N−1)
2 nm
N ω
−qn
N ω
pm
N
×
{
Pˆ−mQˆn (q, p ∈ IN )
0 (q /∈ IN , or p /∈ IN ) . (30)
Thus, extension to the Fano operator on IHN has no
meaning and it reduces to the Fano operator proposed
by Cohendet et al.[6] and constructed in our previous
paper[2].
IV. SUMMARY AND DISCUSSION
In this note, we constructed the Fano operator which
satisfies marginality and covariance under unitary trans-
formation like linear canonical transformation for one di-
mensional quantum system. We considered the projec-
tive unitary representations which are characterized by
two integer-valued variables n+ and n− as the unitary
operator to cause this transformation. It was shown that
there are the Fano operator with these properties for only
two cases. The one is for n+ = n− =
N
2 +N×integer and
the other is for n+ = n− = N × integer. For both cases,
we could uniquely determine the Fano operator which is
equivalent to the one given by Leonhardt in eq.(12) for
the former case and which is new one for the latter case.
Finally we consider the relation between “weighted av-
erage” of function of q and p with the Wigner function
and expectation value of operators. It is sufficient to
5investigate expectation values of operators QˆmPˆn, be-
cause any operators are expanded in series of those oper-
ators. We use the same method as is explained for one-
dimensional quantum system in the Section I. We start
with expectation value of operator Qˆξ. From marginality
eq.(13), we have ∑
q,p∈IHN
ωqξN ∆ˆ(q, p) = Qˆ
ξ.
Applying the similarity transformation by the unitary
operator Uˆh to the above equation, we obtain∑
q,p∈IHN
ωqξN ∆ˆ(νq − λp,−µq + κp) =
(
UˆhQˆUˆ
†
h
)ξ
,
∑
q′,p′∈IHN
ω
(κq′+λp′)ξ
N ∆ˆ(q
′, p′)
=
(
ω
κλ(N−1)
2
N ω
−κn+
N ω
(λ−1)n−
N Pˆ
λQˆκ
)ξ
. (31)
Here, we change the integers p and q for summation to
p′ and q′ defined by(
q′
p′
)
=
(
ν −λ
−µ κ
)(
q
p
)
−
(
mq
mp
)
N
⇋
(
q
p
)
=
(
κ λ
µ ν
){(
q′
p′
)
+
(
mq
mp
)
N
}
where mp and mq are integer part of ratios of νq − λp
and −µq + κq to N , respectively.
Using that ξ(ξ−1) and (κ−1)(µ−1) are even numbers,
and replacing ξκ and ξλ by a and b, we obtain∑
q,p∈IHN
ω
(bp+aq)
N ∆ˆ(q, p)
=
{
ω
N−1
2 ab
N Pˆ
bQˆa (n± = N × integer)
ω
− 12ab
N Pˆ
bQˆa (n± =
N
2 +N × integer)
, (32)
that is, in term of the Wigner function, we have
∑
q,p∈IHN
(ωqN )
a
(ωpN)
b
W (q, p)
=


Tr
[
Qˆ
a(1−N)
2 Pˆ bQˆ
a(1−N)
2 ρˆ
]
(n± = N × integer)
Tr
[
Qˆ
a
2 Pˆ bQˆ
a
2 ρˆ
]
(n± =
N
2 +N × integer)
,
where the Wigner function for density matrix ρˆ is defined
by similar equation to eq.(1) for one-dimensional quan-
tum system. From eq.(8), we can regard the variables ωqN
and ωpN as classical variables corresponding to quantum
operators Qˆ and Pˆ , respectively. So the above equa-
tion tells us the operator ordering of quantum quantities
whose expectation can be calculated using the Wigner
function. We derived the eq.(32) in the roundabout sort
way in order to see the relation between the covariance
and operator ordering. These equations are same ones as
eqs.(26) and (28), as was pointed out in the paper [7].
In this note, we have investigated the covariance of
Fano operators for the group Sp(2,Z). It is also natural
to consider the covariance for Sp(2,ZN ) where ZN is the
cyclic group of order N . The origin of the latter group
and the group theoretical treatment of the covariance will
be discussed elsewhere.
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